In hydrocarbon well-drilling operations, self-excited, stick-slip vibration is considered as a source of drilling equipment failures, which also causes a reduction in the drilling penetration. This leads to delays and increase in the operational and equipment costs. A new approach using distributed-lumped (hybrid) modelling is considered as the first step in understanding the stick-slip phenomena in order to determine a solution to this problem. In this paper, a hybrid modelling scheme is the advocated modelling method proposed in contrast to the conventional lumped modelling. Three case studies are used to show that hybrid modelling is an accurate technique in the representation of stick-slip oscillations, particularly when the length of the drill string is high. The results show that the modelling technique adopted in this work can more accurately present the phenomena associated with stick-slip process.
Introduction
The production of oil and gas necessitates drilling small bore holes in the earth's surface, using a rotary system. The equipment used comprises a hoisting system, motor, fluid circulating, and a monitoring system. 1 This system, as shown in Figure 1 , creates a wellbore by cutting rock, either by chipping or by using a crushing action.
The energy required for rock cutting provided by the motor torque is transmitted to the cutting drill bit by a long shaft known as the drill string. The drill string consists of a drill pipe, heavy-weight drill pipe (HWDP) and bottom hole assembly (BHA). The drill pipe is a heat-treated alloy steel tube. The length of the drill pipe ranges from 5.5 to 13.7 m with a typical length of 9 m. The outer diameter of the drill pipe ranges from 7.3 to 14 cm. The HWDP is used as an intermediate connection to the drill collar, with the same outer diameter as the drill pipe. 2 This transition section between the drill pipe and drill collar is used to reduce the stress between the two and prevent failure in the area of this connection. The drill collars form the lowset part of the drill string with a length of 9 m and the outer diameter of 320 mm and with an inner diameter less than the inner diameter of the drill pipe. This has several functions, such as loading the drill bit (WOB), keeping the drill pipe in tension and introducing the pendulum effect in order to improve the accuracy of the operation.
The cutting debris from drilling is removed from the bore hole via a fluid circulation system. Mud is pumped into the top of the drill string and exits through an orifice in the drill bit. This fluid is returned using the annulus between the drill string and the bore hole wall.
Drilling operations generate three modes of vibration. These are torsional (stick-slip oscillation), longitudinal (drill bit bouncing displacement) and lateral vibration, which result in whirl motion. 2 At lower speeds, stick-slip vibration is considered to be the most damaging compared to the other types of oscillation. 3, 4 The stick-slip vibration means that the top of the drill string rotates at a constant speed while the speed of the drill bit fluctuation between zero and up to three times that of the top speed, as indicated in Figure 2 , which is taken from the study of Kriesels et al. 5 The phenomena of stick-slip arise from a trapped drill collar while the rotary table continues to turn.
When the applied torque due to the ''wound up'' drill pipe overcomes the tapped torque, the drill bit begins to rotate at high speed. This high speed leads to a torsional wave, which travels towards the rotary table, which is then reflected in the rear assembly.
This process may be repeated many times until the stick-slip action disappears. Stick-slip may occur during 50% of the time of drilling 5,6 leading to severe axial and lateral vibrations at the BHA.
Due to vibration, many problems occur during drilling operations such as fatigue in the drill pipe, 5 failure of the drill string components, 5,7 instability of the wellbore 8 and drill bit damage. 6, 9, 10 This paper focuses on two types of stick-slip modelling. First, a lumped model with two degrees of freedom will be examined. Secondly, a D-L model will be employed to represent the stick-slip phenomena for deep oil well drilling.
Lumped model
For an understanding of stick-slip oscillations, a mathematical model of the drill string is necessary. This model can also be used to study the modes of vibration, the drill bit-rock interactions and to develop and test vibration damping equipment. 11 The problem of stick-slip vibration in oil drilling operations is often considered using a multiple, lumped-parameter, or finite element models of the drill string. [11] [12] [13] [14] In this paper, the drill string will be considered as a torsional pendulum with two degrees of freedom, driven by an electric motor, as shown in Figure 3 . The drill pipes are represented as a torsional spring with a stiffness coefficient (K dp ) with torsional damping (C dp ), due to the drill mud with structural damping and friction between the drill pipe and wellbore. 15 From Figure 3 , the governing equations are
and
where J ms represents the equivalent inertia comprising the rotary table ðJ rt Þ, electric motor (J m Þ and transmission gearbox. J ds is the corresponding drill collar inertia J dc , the HWDP inertia J hdp and the third drill pipes inertia J dp . 15 The coefficients C ms and C eb represent the equivalent viscous damping of the rotary table and BHA, respectively. The torsional stiffness of the drill pipe is K dp . The drill collar and HWDP are considered as a rigid body and T fb is a nonlinear frictional torque along the BHA. The inertias of J ms , J ds and K dp can be calculated as follows
where G s is the shear modulus for steel, l dp is the length of the drill pipe and d o,dp , d i,dp are the outer and inner diameters of the drill pipe, respectively.
The model of frictional torque T fb _ h b À Á À Á
The stick-slip vibrations in the well drilling shaft are driven by a nonlinear reactive torque, which is combined with a viscous damping torque (T vb ) due to the drill fluid, and a friction torque ðT fb ð _ b ÞÞ due to drill bit-rock contact. The friction torque depends on a wide range of factors, for example the types of rock, the drill bit type and the applied vertical force. 16 Therefore, the function representing the friction torque is wellbore dependent.
Since the friction resistance torque on the drill bit is directly proportional to WOB, the coefficient of friction and the radius of the drill bit can be written as
where W Ob is the weight on the drill bit (WOB). This is related to the ''hook-on-load'' applied at the surface, R b is the radius of the drill bit and b _ b À Á is the friction coefficient of the drill bit, which is speed dependent. There are also static and dynamic frictional forces represented by discontinuous differential equations, which are difficult to model with accuracy. 17 Many methods are used for modelling the frictional torque on the drill bit. Most of these models use a decreasing and continuous differentiable velocity when the velocity of the BHA is not equal to zero and is discontinuous, Otherwise, owing to the presence of coulomb friction, Navarro-Lopez and Suarez 2 use a dry friction model together with a Stribeck effect to model the friction torque on the drill bit. 18 The dry friction model, when the T fb is multi-valued at _ b ¼ 0 may be approximated by a combination of the model proposed by Leine 19, 20 and Karnopp, 21 with a zero velocity band, as shown in the following equation
where T ab represents the external torque applied to the drill string, which must overcome the static friction reactive torque T sb , to rotate the drill bit.
In equation (7), T sb is the static friction torque associated with J ds (T sb ¼ R b W Ob sb ), T cb is the sliding friction torque (cutting torque),
, Á! > 0 where a limit velocity interval specifies a small neighbourhood of _ b ¼ 0, cb and sb , are the coulomb and static friction coefficients associated with J ds respectively and b is the velocitydependant dry friction coefficient.
With
where b is a positive constant defining the decaying velocity of T fb , the resulting friction model is represented in Figure 4 and can be compared with a classical dry friction model with an exponential-decaying law during the sliding phase.
From equations (1) to (8), the overall lumped model of the drill string for the purposes of simulation can be as shown in Figure 5 .
Distributed-lumped system approach
A natural and more accurate procedure for the determination of the performance of a distributed dynamic system is by representing the actual system as a hybrid, distributed-lumped (D-L) model. Whalley 22, 23 introduced a Hybrid Model comprising cascaded distributed parameter, dynamical elements separated by lumped parameter elements. Each of the distributed parameter elements will be assumed to have inputs such as force, voltage, pressure, etc. and outputs such as deflection, current, flow rate, etc. The output of each section represents the input of the following section. A series of alternating distributed and lumped sections terminating with a lumped element can be incorporated.
According to Whalley, 22 the energy dissipation throughout the system occurs in the lumped element due to entry, exit and reaction losses. One of the examples of the transmission system is the torsional distributed shaft when the torque is transmitted from the input to the output. The general equation of distributed shaft can be derived for a distributed shaft. Consider a segment of shaft length Áx at a distance x from the beginning of the shaft as shown in Figure 6 . 6, 24 The relation between the shear strain () and angle of twist of an element of length Áx is
where is the angle of twist and is the shear strain. From Hooke's law
where G is the shear modulus of rigidity, J is the shaft polar moment of inertia 32 d 4 . The inertia torque acting on an element of length Áx is J @2 @t 2 x where is the density of the shaft ðkg=m 3 Þ, J is the mass polar moment of inertia of the shaft per unit length (kg.m) From Newton's second law
The equation of motion can be expressed as
Dividing Áx and taking limit Áx!0
Deriving equation (10) with respect to t
Expressing
Equations (13) and (14) can be written as
L ¼ J and C ¼ 1/GJ, 1/GJ is the compliance per unit length and J is the shaft inertia per unit length.
Also, the characteristic impedance and propagation constant of the shaft are
Using the solution given in Whally and A-Ameer, 25 it follows that the equation of the torsional system of Figure 6 can be expressed as
where
Distributed-lumped model of drill string
In this section, the concept of the lossless transmission line will be used to derive the D-L model of the drilling system in terms of the general equation for a torsional distributed shaft (equation (20)). First, the whole drilling system can be represented as a drive system comprising motor, gearbox, and turntable as the lumped model. The drill pipe has a characteristic impedance ( dp ) and the BHAs and HWDP have an equivalent inertia (J eb ) as shown in Figure 7 . Equation (20) for the distributed torsional shaft can be represented in the matrix form as follows with j ¼ 1
where T 1,dp (s) is the input torque to drill pipe from rotary table
T 2,dp (s) is the output torque from drill pipe to BHA.
T fb is the friction torque on the drill bit as demonstrated in equation (4), but in D-L model the applied torque on the drill bit is
J ed is the equivalent mass moment inertia of drill collar and HWDP
C eb and ! b are the damping and angular velocity of drill collar and HWDP, 1 is the characteristic impedance of the drill pipe
is the propagation constant of the drill pipe, l 1 is equal to the length of drill (l dp ) (À ¼ s ffiffiffiffiffiffiffiffiffiffi = G s q ), ! 1 s ð Þ is the angular velocity at the inlet of the drill pipe and this is equal to the angular velocity of the rotary table (! 1 ¼ ! rt ). ! 2 s ð Þ is the angular velocity at the outlet of drill pipe, which is equal to the angular velocity of the drill collar
From equations (22) to (25) , the block diagram represents the drill string as a D-L model as shown in Figure 8 .
Comparison between D-L and L model
The purpose of modelling the stick-slip motion is to find the optimum way to suppress the vibration of the drilling operation in order to reduce damage to the drilling system and decrease the cost. In the drilling process, the range of speeds that are used for drilling is typical between 30 and 150 r/min. 26 However, the average speed in stick-slip vibration is 50 r/min. When there is no stick-slip vibration, this is approximately 120-125 r/min. Therefore, the comparison between the two modelling methods will cover this range of velocities in order to demonstrate the ability of each model to replicate low and high-velocity drillings. Case study one (l dp ¼ 500 m)
During the simulation of stick-slip motion using the D-L and L models, there are many issues that play a significant role in describing this mechanism. One of the important items is the critical speed of the drilling system. Above this critical velocity, there is no stickslip whilst below this velocity stick-slip vibration occurs. So the difference between the two models will be studied. Model parameters are given in Table 1 , Appendix 2.
During the drilling operations, the speed of drilling depends on the type of rock formation. If the rock is hard, the speed of drilling should be low and the weight on the drill bit should be high. The comparison between the two models will focus on the two main points related to the beginning of stick-slip motion and end when the angular velocity of the drilling is decreased from the sliding mode towards the critical speed until quiescence. Secondly, the difference between the two models at the desired speed of drilling is ! rt ¼ 50 r/min.
The D-L model shows that the stick-slip occurs when the torque is drops below 14 kNm at approximately 133 rpm. The Lumped model doesn't show any stick-slip at the same torque or speed values. Therefore, this value was considered as the critical speed of the D-L model. When the torque of the rotary table reduce to about 13,725 Nm, the stickslip starts in the lumped model as well at the velocity of 125 r/min, which is considered as the critical speed of the L model, as shown in Figure 9 .
When the torque on the rotary table decreases to 9075 Nm the L model shows the stick-slip vibration at a speed of 12.5 r/min, and by decreasing the torque to 900 Nm the L model does not show the stick-slip while the D-L model shows stick-slip motion at very low speed of around 11 r/min, as in Figure 10 .
At the desired speed (50 r/min) the general trend of D-L and L model are similar, as shown in Figure 11 when the average velocity exhibited by both models is equal to the desired operating speed.
To give a complete insight into the applied load on the drill bit, two types of figures will be used as shown in Figure 12 and Figure 13 , for both models. The first Figure 10 . Comparison between the two models at a minimum speed (case 1). Figure 9 . Comparison between the two models at the critical speed (case 1). Figure 11 . Comparison between the two models at a speed of 50 r/min (case 1). figure shows the variation in the applied torque; the second figure demonstrates the change in the applied torque with varying drill bit velocities. From these figures, the applied torque on the drill bit, for both models, is similar to the slight difference in the torque pattern.
Case study two (l dp ¼ 2000 m) From Figure 14 At the desired speed, the difference between the D-L and L model appears clearly and the angular velocity of both models is as shown in Figure 16 . This difference increases with an increase in the simulation time until quiescence in both models. The main difference in both models can be summarized as follows.
. The angular velocity of the rotary table (! rt ) for the D-L model increases and decreases on a fluctuating curve in comparison with the L model, which has a smooth curve. . The angular velocity of the drill bit in D-L model varies between zero and different upper values, e.g. 120, 130, 140 r/min, etc. while in L model between zero and fixed upper value of 115 r/min. . The number of stick-slip is not equal in both models. . Increase in the difference in the steady state between the two models is as shown in Figure 17 . Figure 15 . Comparison between the two models at a minimum speed (case 2). Figure 14 . Comparison between the two models at the critical speed (case 2). Figure 16 . Comparison between the two models at a speed of 50 r/min (case 2).
. The average value of the D-L model is equal to the desired (50 r/min) value while in the L model it is equal to 40 r/min.
The applied torque on the drill bit in the D-L model shows an irregular shape while the L model shows a regular shape. The difference between the two models is very clear when compared to the case study as shown in Figure 18 and Figure 19 .
When comparing the two models in steady state with actual measurement, as shown in Figure 2 , it can be concluded that:
. The general trend of the angular velocity of the drill bit (! b ), as shown in Figure 17 , of the D-L model is similar to the angular velocity measurement as shown in Figure 2 , when the angular velocity changes between zero and different upper values, while the lumped model does not show this behaviour as it keeps the same shape following the stick-slip vibration. . From the actual figure, the number of stick slips is 9 in actual measurement and it is equal to the D-L models while in the lumped model this number is reduced to 7. . The table speed response is similar to the D-L model.
Case study three (l dp ¼ 5700 m)
When the length of the drill pipe is increased, there is a decrease in the torsional stiffness (K dp Þ of the drill pipe. Hence, the stick-slip motion increases. From Figure 20 , the D-L model shows that the critical speed occurs at low Figure 17 . Comparison between the two models at a speed of 50 r/min (steady state). ! rt ¼15 r/min at a torque of T rt ¼ 7850 Nm, as shown in Figure 21 .
At the desired speed of the rotary table (50 r/min) with a torque of T r ¼ 92,500 Nm as shown in Figure 22 the stick-slip does not occur in the L model and this is in conflict with the experimental results 27 showing that stick-slip increases with the increased drill pipe length. The fluctuation in the angular velocity of the rotary table and drill bit for a D-L model increases as shown in Figure 22 .
The difference between the D-L and L model with torque on the drill bit is very clear. Comparison of the cases of study 1 and 2 is shown in Figures 23 and 24 .
Conclusions
In this work, the D-L model and pure L model are used to model the drill string, stick-slip condition. The first step in this work was the comparison between the two models in order to use it for stickslip vibration control.
From the comparison between the two models, in the three cases of study the following remarks can be drawn:
1. The D-L model is found to be sensitive to the stick-slip vibration and the critical speed at which this occurs. Below this value, stick-slip occurring in the D-L model is always higher than the critical speed of the L model. 2. The D-L models have the ability to show the stick-slip motion at low angular speeds with an average value of approximately ! rt ¼13 r/min while the L model has this ability in short lengths of drill pipe ! rt ¼13 r/min. On increasing the length, the ability to show the stick-slip vibration decreased. 3. Due to the importance of critical speed, it is crucial to identify this value and the velocity at which the sticks-slip starts. Therefore, the D-L model should be considered as a safe prospect than the L model in giving an indication of the velocity at which stick-slip vibrations start. models appears clearly when the length of the drill pipe is 2000 m and this increases when the length reaches 5700 m. 5. From point 4, we can conclude that in a short length of drill pipe the L model or the D-L model can be used for modelling stick-slip vibrations. However, the distributed-lumped is preferred because the critical speed still differs between the two models. 6. The intensity of vibration of the L model is constant with increased time of stick-slip oscillations while in the D-L model the vibration increases with the increase in the time interval of the stickslip motion. 7. The general trend of the angular velocities of rotary table (! rt Þ and drill bit (! b Þ in the D-L model is very similar to the actual measurement of the angular velocities in the actual system, as shown in Figure 2 , when the length of the drill pipe (l dp Þ is equal to 2000 m. 8. The fluctuation in the applied load of the D-L and L models is similar in case one but with increased length of the drill pipe, the difference between the two models increases. 9. The fluctuation in the applied load in L models is constant in all three cases while in the D-L model this fluctuates with the increase in the length of the drill pipe. This is similar to the behaviour of the torque in drilling due to the decreasing torsional stiffness of the drill pipe, with increasing length.
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